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NEW TOPICS IN ERGODIC THEORY
FRANCESCO FIDALEO
Abstract. The entangled ergodic theorem concerns the study of
the convergence in the strong, or merely weak operator topology,
of the multiple Cesaro mean
1
Nk
N−1∑
n1,...,nk=0
Unα(1)A1U
nα(2) · · ·Unα(2k−1)A2k−1U
nα(2k) ,
where U is a unitary operator acting on the Hilbert space H,
α : {1, . . . ,m} 7→ {1, . . . , k} is a partition of the set made of m
elements in k parts, and finally A1, . . . , A2k−1 are bounded opera-
tors acting on H.
While reviewing recent results about the entangled ergodic the-
orem, we provide some natural applications to dynamical systems
based on compact operators.
Namely, let (A, α) be a C∗–dynamical system, where A = K(H),
and α = AdU is an automorphism implemented by the unitary U .
We show that
lim
N→+∞
1
N
N−1∑
n=0
αn = E ,
pointwise in the weak topology of K(H). Here, E is a conditional
expectation projecting onto the C∗–subalgebra( ⊕
z∈σpp(U)
EzB(H)Ez
)⋂
K(H) .
If in addition U is weakly mixing with Ω ∈ H the unique up
to a phase, invariant vector under U and ω = 〈·Ω,Ω〉, we have
the following recurrence result. If A ∈ K(H) fulfils ω(A) > 0, and
0 < m1 < m2 < · · · < ml are natural numbers kept fixed, then
there exists an N0 such that
1
N
N−1∑
n=0
ω(Aαnm1 (A)αnm2(A) · · ·αnml(A)) > 0
for each N > N0.
Mathematics Subject Classification: 37A30.
Key words: Ergodic theorems, spectral theory.
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1. introduction
Recently, it was shown that same ergodic properties of classical dy-
namical systems fail to be true by passing to noncommutative setting.
It is then of interest to understand among the various ergodic proper-
ties, which ones survive by passing from the classical to the quantum
case. We mention the pivotal paper [7], where such an investigation
is carried out for some basic recurrence, as well as multiple mixing
properties.
Notice that it is in general unclear what should be the right quantum
counterpart of a classical ergodic property. As an example, we mention
the property of the convergence to the equilibrium (i.e. ergodicity for
an invariant state ω)
lim
N→+∞
1
N
N−1∑
n=0
ω (B∗αn(A)B) = ω (B∗B)ω(A)
suggested by the quantum physics, and the standard definition of er-
godicity
lim
N→+∞
1
N
N−1∑
n=0
ω(Aαn(B)) = ω(A)ω(B) .
We refer the reader to [4], Proposition 1.1 for further details.
A notion which is meaningful in quantum setting is that of entangled
ergodic theorem, introduced in [1] in connection with the central limit
theorem for suitable sequences of elements of the group C∗–algebra of
the free group F∞ on infinitely many generators.
The entangled ergodic theorem can be clearly formulated in the fol-
lowing way. Let U be a unitary operator acting on the Hilbert space
H, and for m ≥ k, α : {1, . . . , m} 7→ {1, . . . , k} a partition of the set
{1, . . . , m} in k parts. The entangled ergodic theorem concerns the
convergence in the strong, or merely weak operator topology, of the
multiple Cesaro mean
(1.1)
1
Nk
N−1∑
n1,...,nk=0
Unα(1)A1U
nα(2) · · ·Unα(m−1)Am−1U
nα(m) ,
A1, . . . , Am−1 being bounded operators acting on H.
Notice that expressions like (1.1) naturally appear also in [7] rela-
tively to the study of the behaviour of the multiple correlations. Just
by considering the simplest case of the partition of the empty set, the
limit of the Cesaro mean in (1.1) reduces itself to the well–known mean
ERGODIC THEORY 3
ergodic theorem due to John von Neumann (cf. [8])
(1.2) s−lim
N→+∞
1
N
N−1∑
n=0
Un = E1 ,
E1 being the selfadjoint projection onto the eigenspace of the invariant
vectors for U .
Some applications of the entangled ergodic theorem are discussed
below. Apart from the other potential applications to the study of
the ergodic properties of quantum dynamical systems, the entangled
ergodic theorem is a fascinating self–contained mathematical problem.
It is certainly true if the spectrum σ(U) of U is finite. Some very special
cases for which it holds true are listed in [6].
The first part of the present paper, based on [2, 3], is devoted to
review the known results on the entangled ergodic theorem.
We start by considering the sufficiently general situation when the
operators A1, . . . , Am−1 in (1.1) are compact (cf. [2]).
Then we pass to the case when the unitary U is almost periodic
(i.e. H is generated by the eigenvectors of U), and α : {1, . . . , 2k} 7→
{1, . . . , k} a pair–partition, without any condition on the operators
A1, . . . , A2k−1 (cf. [3]).
Another interesting situation arises from the generalization to the
noncommutative setting, of the ergodic theorem of H. Furstenberg rel-
ative to diagonal measure (cf. [3, 5]). By using such a result, we can
treat the followig situation. LetM be a von Neumann algebra equipped
with the adjoint action of an ergodic unitary U , and a standard vector
Ω which is invariant under U . LetM ′ be the commutant von Neumann
algebra of M . In this situation, the Cesaro mean
(1.3)
1
N
N−1∑
n=0
UnAUn
converges in the strong operator topology for each A ∈ M
⋃
M ′ (cf.
[3]). Notice that (1.3) is the particular case of (1.1) relative to the
trivial pair–partition of two elements.
The second part of the present paper concerns the application of the
entangled ergodic theorem, as well as some lines of its proof, to the
investigation of ergodic properties of C∗–dynamical systems based on
compact operators. More precisely, let (A, α) be a C∗–dynamical sys-
tem, where A = K(H), and α = AdU is an automorphism implemented
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by the unitary U . We show that
lim
N→+∞
1
N
N−1∑
n=0
αn = E ,
pointwise in the weak topology of K(H). Here, E is a conditional
expectation projecting onto the C∗–subalgebra( ⊕
z∈σpp(U)
EzB(H)Ez
)⋂
K(H) .
If in addition U is weakly mixing with Ω ∈ H the unique up to a
phase, invariant vector under U , we can consider the weakly mixing C∗–
dynamical system (A, α, ω) where ω = 〈·Ω,Ω〉. We prove the following
recurrence result. If A ∈ K(H) satisfies ω(A) > 0, and 0 < m1 < m2 <
· · · < ml are natural numbers kept fixed, then there exists an N0 such
that
1
N
N−1∑
n=0
ω(Aαnm1(A)αnm2(A) · · ·αnml(A)) > 0
for each N > N0.
We end the present section with some notations and definitions useful
in the sequel.
The convergence in the weak, respectively strong operator topology
(see e.g. [10, 11]) of a net {Aα}α∈J ⊂ B(H) is denoted respectively as
w−lim
α
Aα = A , s−lim
α
Aα = A .
Let U be a unitary operator acting on H. Consider the resolution
of the identity {E(B) : B Borel subset of T} of U (cf. [12], Section
VII.7). Denote with an abuse of notation, Ez := E({z}). Namely, Ez is
nothing but the selfadjoint projection on the eigenspace corresponding
to the eigenvalue z in the unit circle T. Denote σpp(U) :=
{
z ∈ T :
z is an eigenvalue ofU
}
(cf. [8]).
The unitary U is said to be ergodic if the fixed–point subspace E1H
is one dimensional. By the mean ergodic theorem (1.2), it is equivalent
to the existence of a unit vector ξ0 ∈ H such that
lim
N→+∞
1
N
N−1∑
n=0
Unξ = 〈ξ, ξ0〉ξ0 ,
or equivalently,
lim
N→+∞
1
N
N−1∑
n=0
〈Unξ, η〉 = 〈ξ, ξ0〉〈ξ0, η〉 .
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The unitary U is said to be weakly mixing if there exists a unit vector
ξ0 ∈ H such that
lim
N→+∞
1
N
N−1∑
n=0
∣∣〈Unξ, η〉 − 〈ξ, ξ0〉〈ξ0, η〉∣∣ = 0 .
A unitary U is weakly mixing if and only if σpp(U) = {1} and E1 =
〈 · , ξ0〉ξ0, see e.g. [7], Proposition 5.4.
The unitary U is said to be almost periodic if H = HUap, H
U
ap being
the closed subspace consisting of the vectors having relatively norm–
compact orbit under U . It is seen in [7] that U is almost periodic if
and only if H is generated by the eigenvectors of U .
For a (discrete) C∗–dynamical system we mean a pair
(
A, α,
)
con-
sisting of a C∗-algebra A, and an automorphism α of A. If in addition,
a state ω ∈ S(A) invariant under the action of α is kept fixed, we
consider also C∗–dynamical systems consisting of a triplet
(
A, α, ω
)
.
A C∗–dynamical system
(
A, α, ω
)
is said to be ergodic if for each
A,B ∈ A,
lim
N→+∞
1
N
N−1∑
n=0
ω(Aαn(B)) = ω(A)ω(B) .
It is said to be weakly mixing if
lim
N→+∞
1
N
N−1∑
n=0
∣∣ω(Aαn(B))− ω(A)ω(B)∣∣ = 0
for each A,B ∈ A.
Let
(
H, pi, U,Ω
)
be the GNS covariant representation (cf. [11], Sec-
tion I.9) canonically associated to the dynamical system under consid-
eration. Then
(
A, α, ω
)
is ergodic (respectively weakly mixing) if and
only if U is ergodic (respectively weakly mixing), see e.g. [7].
2. the entangled ergodic theorem
The present section, based on [2, 3], is devoted to review the known
results on the entangled ergodic theorem.
2.1. case of compact operators.
We start with the entangled ergodic theorem for general partitions of
any finite set {1, . . . , m}, and for compact operators {A1, . . . , Am−1}.
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Let U ∈ B(H) be a unitary operator, and form ≥ k, α : {1, . . . , m} 7→
{1, . . . , k} a partition of the set {1, . . . , m} in k parts.1
Theorem 2.1. (cf. [2], Theorem 2.6)
For m ≥ k, let α : {1, . . . , m} 7→ {1, . . . , k} be a partition of the set
{1, . . . , m}. If {A1, . . . , Am−1} ⊂ K(H), then the ergodic average
1
Nk
N−1∑
n1,...,nk=0
Unα(1)A1U
nα(2) · · ·Unα(m−1)Am−1U
nα(m)
converges in the weak operator topology to some bounded operator Sα;A1,...,Am−1 ∈
B(H).
Proof. Define
ΓN :=
1
Nk
N−1∑
n1,...,nk=0
Unα(1)A1U
nα(2) · · ·Unα(m−1)Am−1U
nα(m) .
Notice that
‖ΓN‖ ≤
m−1∏
j=1
‖Aj‖ .
By Theorem II.1.3 of [11], it is then enough to show that the 〈ΓNx, y〉
converges for each fixed x, y ∈ H. On the other hand, we can approxi-
mate theAj by finite rank operators. Namely, putK := max1≤j≤m−1 ‖Aj‖.
Choose finite rank operators Aεj , such that ‖A
ε
j‖ ≤ K and ‖Aj−A
ε
j‖ <
ε
4(m− 1)Km−2‖x‖‖y‖
, j = 1, . . . , m− 1. We have with obvious nota-
tions
|〈ΓNx, y〉 − 〈ΓMx, y〉| ≤ ‖ΓN − Γ
ε
N‖+ ‖ΓM − Γ
ε
M‖
+|〈ΓεNx, y〉 − 〈Γ
ε
Mx, y〉| ≤
ε
2
+ |〈ΓεNx, y〉 − 〈Γ
ε
Mx, y〉| .
Thus, it is enough to show that
〈
1
Nk
N−1∑
n1,...,nk=0
Unα(1)A1U
nα(2) · · ·Unα(m−1)Am−1U
nα(m)x, y
〉
1A partition α : {1, . . . ,m} 7→ {1, . . . , k} of the set made of m elements in k
parts is nothing but a surjective map, the parts of {1, . . . ,m} being the preimages
{α−1({j})}kj=1.
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converges for every x, y ∈ H, whenever the Aj are rank one operators.
By using the explicit computations in [6], we obtain in this situation,〈
1
Nk
N−1∑
n1,...,nk=0
Unα(1)A1U
nα(2) · · ·Unα(m−1)Am−1U
nα(m)x, y
〉
=
k∏
j=1
1
N
N−1∑
nj=0
∏
{p |α(p)=j}
〈
Unjxp,j, yp,j
〉
=
k∏
j=1
∫∫
· ·
∫
T|α
−1{j}|
(
1
N
N−1∑
nj=0
( ∏
{p |α(p)=j}
zp
)nj) ∏
{p |α(p)=j}
〈E(dzp)xp,j, yp,j〉
−→
N
k∏
j=1
∫∫
· ·
∫
T|α
−1{j}|
χ{1}
( ∏
{p |α(p)=j}
zp
) ∏
{p |α(p)=j}
〈E(dzp)xp,j, yp,j〉
where we have used the Lebesgue dominated convergence theorem.
Here, the xp,j, yp,j are vectors uniquely determined by the rank one
operators A1, . . . , Am−1 and vectors x, y, and finally χ∆ denotes the
indicator of the set ∆. 
It was shown in [2] that if α : {1, . . . , 2k} 7→ {1, . . . , k} is a pair–
partition, we can explicitely write the formula for Sα;A1,...,A2k−1 ∈ B(H).
Namely, define
σapp(U) :=
{
z ∈ σpp(U) : zw = 1 for somew ∈ σpp(U)
}
Then we have
w−lim
N
{
1
Nk
N−1∑
n1,...,nk=0
Unα(1)A1U
nα(2) · · ·Unα(2k−1)A2k−1U
nα(2k)
}
=
∑
z1,...,zk∈σapp(U)
Ez#
α(1)
A1Ez#
α(2)
· · ·Ez#
α(2k−1)
A2k−1Ez#
α(2k)
,(2.1)
Here, the pairs z#α(i) are alternatively zj and z¯j whenever α(i) = j,
Ez is the selfadjoint projection on the eigenspace corresponding to the
eigenvalue z ∈ σpp(U),
2 and finally the sum in the r.h.s. is understood
as the limit in the weak operator topology of the net obtained by con-
sidering the finite truncations of the r.h.s. of (2.1) (cf. [2], Proposition
2If for example, α is the pair–partition {1, 2, 1, 2} of four elements,
Sα;A,B,C =
∑
z,w∈σapp(U)
EzAEwBEz¯CEw¯ .
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2.3). Notice that (2.1) cannot be extended to the whole B(H), see the
example in pag. 8 of [7].
2.2. almost periodic case.
Another case for which the entangled ergodic theorem can be proved
is the almost periodic case, that is when the Hilbert space is generated
by the eigenvectors of the unitary U . In this situation, we have no
conditions on the bounded operators appearing in (1.1).
Theorem 2.2. (cf. [3], Theorem 2.6)
Suppose that the dynamics induced by the unitary U on H is almost
periodic. Then for each A1, . . . , A2k−1 ∈ B(H),
s−lim
N
{
1
Nk
N−1∑
n1,...,nk=0
Unα(1)A1U
nα(2) · · ·Unα(2k−1)A2k−1U
nα(2k)
}
=Sα;A1,...,A2k−1 .
Proof. To simplify, we treat the case of the partition {1, 2, 1, 3, 2, 3},
the general case follows the same lines of this case. Fix ε > 0, and
suppose that A,B,C,D, F ∈ B(H) have norm one. Let Iε be such that∥∥∥∥x−∑
σ∈Iε
Eσx
∥∥∥∥ < ε .
For each σ ∈ Iε, let Iε(σ) be such that∥∥∥∥FEσx− ∑
τ∈Iε(σ)
EτFEσx
∥∥∥∥ < ε|Iε| .
Choose Nε such that∥∥∥∥
(
1
N
N−1∑
n=0
(σU)n − Eσ¯
)
DEτFEσx
∥∥∥∥ < ε∑
σ∈Iε
|Iε(σ)|
,
whenever N > Nε and σ ∈ Iε, τ ∈ Iε(σ). For each σ ∈ Iε, τ ∈ Iε(σ),
let Iε(σ, τ) be such that∥∥∥∥CEσ¯DEτFEσx− ∑
ρ∈Iε(σ,τ)
EρCEσ¯DEτFEσx
∥∥∥∥ < ε∑
σ∈Iε
|Iε(σ)|
.
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Then ∥∥∥∥ 1N3
N−1∑
k,m,n=0
UkAUmBUkCUnDUmFUnx− Sα;A,B,C,D,Fx
∥∥∥∥
≤5ε+
∑
σ∈Iε
∑
τ∈Iε(σ)
∑
ρ∈Iε(σ,τ)
∥∥∥∥
(
1
N
N−1∑
k=0
(ρU)k
)
A
(
1
N
N−1∑
m=0
(τU)m
)
×BEρCEσ¯DEτFEσx− Eρ¯AEτ¯BEρCEσ¯DEτFEσx
∥∥∥∥ .
Taking the limsup on both sides, we obtain the assertion by the mean
ergodic theorem (1.2). 
2.3. diagonal measures.
We treat the natural generalization to the quantum case of the cele-
brated result due to H. Furstenberg relative to the diagonal measures
(cf. [5], Section 4.4).
We start with a C∗–dynamical system
(
A, α, ω
)
, together with its
GNS covariant representation
(
H, pi, U,Ω
)
. Denote M := pi(A)′′, the
von Neumann algebra acting on H generated by the representation
pi. The commutant von Neumann algebra is denoted as M ′. Suppose
further that the support s(ω) in A∗∗ is central. The last property simply
means that Ω is separating for pi(A)′′, see e.g. [10], Section 10.17.
Let M :=M⊗maxM
′ be the completion of the algebraic tensor prod-
uct N :=M ⊗M ′ w.r.t. the maximal C∗–norm (cf. [11], Section IV.4).
It is easily seen that on M the following two states are automatically
well–defined. The first one is the canonical product state
ϕ(A⊗ B) := 〈AΩ,Ω〉〈BΩ,Ω〉 , A ∈M , B ∈M ′ .
The second one is uniquely defined by
ψ(A⊗B) := 〈ABΩ,Ω〉 , A ∈M , B ∈M ′ .
The state ψ can be considered the (quantum analogue of the) “di-
agonal measure” of the “measure” ϕ.
On M is also uniquely defined the automorphism
γ := AdU ⊗ AdU2 ,
see [11], Proposition IV.4.7. Of course,
(
M, γ, ϕ
)
is a C∗–dynamical
system whose GNS covariant representation is precisely
(
H ⊗H, id ⊗
id, U⊗U2,Ω⊗Ω
)
. Denote E1 the selfadjoint projection onto the invari-
ant vectors under U ⊗ U2. Notice that the ∗–subalgebra N is globally
stable under the action of γ.
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In addition, again by Proposition IV.4.7 of [11],
σ(A⊗B) := AB , A ∈M , B ∈M ′ .
uniquely defines a representation of M on H such that
(
H, σ,Ω
)
is
precisely the GNS representation of the state ψ.
Let A ∈M , B ∈M ′. Then by the mean ergodic theorem (1.2),
1
N
N−1∑
n=0
ψ(γn(A⊗B)) =
1
N
N−1∑
n=0
〈AUnBΩ,Ω〉
≡
〈
A
(
1
N
N−1∑
n=0
Un
)
BΩ,Ω
〉
−→ 〈AΩ,Ω〉〈BΩ,Ω〉 ≡ ϕ(A⊗B) .
According with Definition 4.1 of [3] (see also [5], Definition 4.4), this
means that the state ψ ∈ S(M) is generic for
(
M, γ, ϕ
)
w.r.t. N. In
addition, define
Σ := {(z, w) ∈ σpp(U)× σpp(U) : zw
2 = 1} .
Then by Lemma 4.18 of [5],
E1 =
⊕
s∈Σ
EUzs ⊗E
U
ws ,
EUz being the selfadjoint projection onto the eigenspace of U corre-
sponding to the eigenvalue z. As U is supposed to be ergodic, by
Proposition 2.2 of [3], EUz H is one dimensional, and E
U
zsH and E
U
wsH are
generated by VzsΩ, WwsΩ, where Vzs and Wws are unitaries of Mzs :=
{A ∈ M : UAU−1 = zsA}, (M
′)ws := {B ∈ M
′ : UBU−1 = wsB} re-
spectively. Thus, EUzsH⊗E
U
wsH is one dimensional, and it is generated
by VzsΩ⊗WwsΩ. This means that NΩ
⋂
E1H⊗H is dense in E1H⊗H.
Then the map∑
j
AjΩ⊗ BjΩ ∈ NΩ
⋂
E1H⊗H 7→
∑
j
AjBjΩ ∈ H
uniquely defines a partial isometry V : H⊗H 7→ H such that V ∗V =
E1H⊗H. For ξ, η ∈ H, such an isometry has the form
(2.2) V (ξ ⊗ η) =
∑
{z,w∈σ(U) : zw2=1}
〈ξ, VzΩ〉〈η,WwΩ〉VzWwΩ ,
where VzΩ, Vz unitary of Mz (equivalently WzΩ, Wz unitary of (M
′)z)
generates the one dimensional subspace EUz H for z ∈ σpp(U).
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Theorem 2.3. (cf. [3], Theorem 5.2)
Let
(
A, α, ω
)
be an ergodic C∗–dynamical system such that its support
c(ω) in A∗∗ is central. Then for each A ∈M
⋃
M ′,
s−lim
N→+∞
1
N
N−1∑
n=0
UnAUn = V (AΩ⊗ · ) ,
where V is the isometry given in (2.2).
Proof. As ψ is generic for
(
M, γ, ϕ
)
w.r.t. M ⊗ M ′ and the last ∗–
algebra is left stable by AdU ⊗ AdU2 , we can apply Theorem 4.5 of [3]
(see also [5], Theorem 4.14 for the Abelian case) obtaining for X ∈ M ,
Y ∈M ′
lim
N→+∞
1
N
N−1∑
n=0
UnXUnY Ω = V (XΩ⊗ Y Ω) .
If A ∈M the proof follows as Ω is cyclic for M ′. By exchanging the
role between M and M ′, we obtain the result whenever A ∈M ′ 
If
(
A, α, ω
)
is weakly mixing and 0 < m1 < m2 natural numbers, we
prove following the same lines of Theorem 2.3, but in a different way
from [7], that
(2.3) s−lim
N→+∞
1
N
N−1∑
n=0
Unm1AUnm2 = 〈AΩ,Ω〉〈 · ,Ω〉Ω
for each A ∈M
⋃
M ′.
3. applications
We start with the following recurrence result which is a direct con-
sequence of Theorem 1.3 of [7]. By (2.3), we then have an alternative
proof of it.
Proposition 3.1. Let
(
A, α, ω
)
be a weakly mixing C∗–dynamical sys-
tem such that its support c(ω) in A∗∗ is central, and 0 < m1 < m2
natural numbers. Consider A ∈ A such that ω(A) > 0
Then there exists an N0 such that
1
N
N−1∑
n=0
ω(Aαnm1(A)αnm2(A)) > 0
for each N > N0.
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Proof. We have by (2.3),
lim
N→+∞
1
N
N−1∑
n=0
ω(Aαnm1(A)αnm2(A))
≡ lim
N→+∞
1
N
N−1∑
n=0
〈
AUnm1AUn(m2−m1)AΩ,Ω
〉
=ω(A)3 > 0 .

Now we pass to some interesting applications concerning compact
operators.
Proposition 3.2. Let U be a weakly mixing unitary acting on the
Hilbert space H, A1, . . . , Ak−1 ∈ K(H), and finally m1, . . . , mk fixed
nonnull natural numbers. Then
w−lim
N→+∞
1
N
N−1∑
n=0
Unm1A1U
nm2A2 · · ·U
nmk−1Ak−1U
nmk
=E1A1E1A2 · · ·E1Ak−1E1 .(3.1)
Proof. As U is weakly mixing, σpp(U) = {1} and E1 = 〈 · ,Ω〉Ω for a
unique up to a phase unit vector. In addition, we can approximate
the Aj by finite rank operators as explained in Theorem 2.1. We now
decompose U as
(3.2) U = 〈 · ,Ω〉Ω+ E⊥1 U ,
where E⊥1 is the selfadjoint projection onto the closed subspace on
which U has purely continuous spectrum. By inserting (3.2) in (3.1), we
obtain an addendum containing in all place the piece 〈 · ,Ω〉Ω, the last
coinciding with E1A1E1A2 · · ·E1Ak−1E1. As we reduced the matter to
the case when the Aj are rank one operators, the remaining addenda
contain a multiplicative factor of the form
(3.3) GN :=
∫∫
· ·
∫
Tj
(
1
N
N−1∑
n=0
(
zm11 · · · z
mj
j
)n)
dµ1(z1) · · ·dµj(zj) .
In (3.3) 1 ≤ j ≤ k is fixed and depends on the addendum under
consideration, and
dµl(zl) := 〈E(dzl)xl, yl〉 , 1 ≤ l ≤ j
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are bounded signed Borel measure without atoms. As
1
N
N−1∑
n=0
(zm11 · · · z
mj
j )
n −→ χ{1}(z
m1
1 · · · z
mj
j )
pointwise, by taking the limit in (3.3), we obtain by Lebesgue domi-
nated convergence theorem and Fubini theorem,
lim
N→+∞
GN =
∫∫
· ·
∫
Tj−1
f(z1, . . . , zj−1) dµ1(z1) · · ·dµj−1(zj−1)
where
f(z1, . . . , zj−1) := µj
({
zj : z
m1
1 · · · z
mj
j = 1
})
.
The proof follows as, for fixed z1, . . . , zj−1 ∈ T,
#
{
zj : z
m1
1 · · · z
mj
j = 1
}
= mj .

Notice that, if σpp(U) = ∅, then
w−lim
N→+∞
1
N
N−1∑
n=0
Unm1A1U
nm2A2 · · ·U
nmk−1Ak−1U
nmk = 0 .
The proof of the next lemma is the same as Lemma 2.2 of [2].
Lemma 3.3. The net
{∑
z∈F EzAEz
∣∣F finite subset ofσpp(U)} con-
verges in the strong operator topology.
We symbolically write for such a limit
s−lim
F↑σpp(U)
∑
z∈F
EzAEz =:
∑
z∈σpp(U)
EzAEz .
Proposition 3.4. Let U be a unitary acting on the Hilbert space H,
and A ∈ K(H). Then
(3.4) w−lim
N→+∞
1
N
N−1∑
n=0
UnAU−n =
∑
z∈σpp(U)
EzAEz .
Proof. By approximating A with a finite rank operator Aε, we have∣∣∣∣
〈
1
N
N−1∑
n=0
UnAU−nx, y
〉
−
〈 ∑
z∈σpp(U)
EzAEzx, y
〉∣∣∣∣
≤ε+
∣∣∣∣
〈
1
N
N−1∑
n=0
UnAεU
−nx, y
〉
−
〈 ∑
z∈σpp(U)
EzAεEzx, y
〉∣∣∣∣ .
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So, it is enough to check (3.4) for rank one operators A = 〈 · , ξ〉η.
In this situation, we have〈
1
N
N−1∑
n=0
UnAU−nx, y
〉
=
1
N
N−1∑
n=0
〈Unη, y〉〈U−nx, ξ〉
=
∫
T
(
1
N
N−1∑
n=0
(zw¯)n
)
〈E(dz)η, y〉〈E(dw)x, ξ〉
−→
〈 ∑
z∈σpp(U)
EzAEzx, y
〉
as
1
N
N−1∑
n=0
(zw¯)n −→ χ1(zw¯)
pointwise. See Proposition 2.4 of [2] for further details. 
4. C∗–dynamical systems based on compact operators
The present section is devoted to the study of some interesting er-
godic properties of C∗–dynamical systems based on compact operators
Following the same lines of the previous results, we pass to the study
of the convergence of Cesaro mean of automorphisms α of the C∗–
algebra K(H) consisting of all the compact operators acting on H.
Consider the double transpose α∗∗ ∈ Aut(B(H)). As such an automor-
phism α∗∗ is inner (cf. [10], Corollary 8.11), there exists a unitary U
acting on H such that α = AdU . Namely, each automorphism of K(H)
is implementable on H.
Lemma 3.3 allows us to define E : B(H) 7→ B(H) as
(4.1) E(A) :=
∑
z∈σpp(U)
EzAEz
The properties of E are collected in the following
Proposition 4.1. The map E is a conditional expectation projecting
onto the C∗–subalgebra
⊕
z∈σpp(U)
EzB(H)Ez.
Proof. Following the same line of Lemma 2.1 of [2], we see that ‖E‖ = 1.
In addition
E(E(A)) =
∑
z,w∈σpp(U)
EwEzAEzEw =
∑
z∈σpp(U)
EzAEz ≡ E(A) .
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Namely, E is a norm one projection onto the the C∗–subalgebra⊕
z∈σpp(U)
EzB(H)Ez , hence a conditional expectation, see [9], Theorem
9.1. 
Notice that the identity E(I) of the range of E is precisely
Epp :=
∑
z∈σpp(U)
Ez ,
the selfadjoint projection onto the closed subspace of H generated by
the eigenvectors of U .
Now we specialize the matter to the case when A is a compact op-
erator.
Lemma 4.2. If A ∈ K(H) then E(A) ∈ K(H).
Proof. We have by Schwarz, Holder and Bessel inequalities,
|〈E(A− B)x, y〉| ≤
∑
z∈σpp(U)
|〈(A−B)Ezx, Ezy〉|
≤‖A− B‖
∑
z∈σpp(U)
‖Ezx‖‖Ezy‖
≤‖A− B‖
( ∑
z∈σpp(U)
‖Ezx‖
2
)1/2( ∑
z∈σpp(U)
‖Ezy‖
2
)1/2
≤‖A− B‖‖x‖‖y‖ .
Thus, we can approximate A by a finite rank operator. In addition,
for a rank one operator A = 〈 · , y〉x, we have by polarization,
A =
1
4
∑
{z∈T : z4=1}
z〈 · , x+ zy〉(x+ zy) .
Namely, we can reduce the matter to the case when A is the rank
one positive operator 〈 · , x〉x. We now compute
〈E(A)x, x〉 =
∑
z∈σpp(U)
‖Ezx‖
2 .
As the last sum is convergent, there exists an at most countable set
z1, z2, · · · ⊂ σpp(U) depending on A, such that Ezx = 0 if z 6= zj ,
j = 1, 2, . . . . In addition, lim
j
‖Ezjx‖ = 0. Put λj := ‖Ezjx‖
2 and
yj :=
Ezjx
‖Ezjx‖
, j = 1, 2, . . . . We have
E(A) =
∑
j
〈 · , Ezjx〉Ezjx =
∑
j
λj〈 · , yj〉yj .
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It readly seen that
N∑
j=1
λj〈 · , yj〉yj converges in norm, that is E(A) is
a compact operator. 
Proposition 4.3. The restriction E := E⌈K(H) of the map in (4.1)
gives rise to a conditional expectation projecting onto the C∗–subalgebra( ⊕
z∈σpp(U)
EzB(H)Ez
)⋂
K(H) .
Proof. Lemma 4.2 tells us that E maps the compact operators into the
compact ones. Moreover,
(
E⌈K(H)
)∗∗
= E and the proof follows. 
Theorem 4.4. Let α be an automorphism of K(H), with U the unitary
acting on H implementing α. Then
lim
N→+∞
1
N
N−1∑
n=0
αn = E ,
pointwise in the weak topology of K(H), E being the conditional expec-
tation given in Proposition 4.3 .
Proof. By taking into account (3.4),
(4.2) w−lim
N
1
N
N−1∑
n=0
αn(A) = E(A)
whenever A is compact. Let now T be a trace class operator and Tε be
a finite rank operator such that Tr(|T − Tε|) ≤ ε, Tr being the unique
normal faithtful semifinite trace on B(H). Then
Tr
(
T
(
1
N
N−1∑
n=0
αn(A)− E(A)
))
≤
∣∣∣∣∣Tr
(
(T − Tε)
1
N
N−1∑
n=0
αn(A)
)∣∣∣∣∣
+|Tr((T − Tε)E(A))|+ Tr
(
Tε
(
1
N
N−1∑
n=0
αn(A)−E(A)
))
≤ 2ε‖A‖+ Tr
(
Tε
(
1
N
N−1∑
n=0
αn(A)−E(A)
))
.
Thus, we reduce the matter when T is finite rank. The proof now
follows by (4.2). 
Notice that if σpp(U) = ∅,
1
N
N−1∑
n=0
αn −→ 0 ,
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and if σpp(U) = {1} with Ω the unique up to a phase invariant vector
for U , that is in the case of weakly mixing C∗–dynamical systems based
on compact operators,
1
N
N−1∑
n=0
αn −→ ω( · )E1 ,
ω being the vector state 〈·Ω,Ω〉.
We end the present section with a recurrence result which is an
immediate corollary of Proposition 3.2.
Let (A, α, ω) be a weakly mixing C∗–dynamical system, where A =
K(H), α = AdU , and ω = 〈·Ω,Ω〉, with Ω invariant under the action
of the unitary operator U .
Proposition 4.5. Under the above conditions, if ω(A) > 0, and 0 <
m1 < m2 < · · · < ml are natural numbers kept fixed, then there exists
an N0 such that
1
N
N−1∑
n=0
ω(Aαnm1(A)αnm2(A) · · ·αnml(A)) > 0
for each N > N0.
Proof. By Proposition 3.2, we have
lim
N→+∞
1
N
N−1∑
n=0
ω(Aαnm1(A)αnm2(A) · · ·αnml(A))
≡ lim
N→+∞
1
N
N−1∑
n=0
〈
AUnm1AUn(m2−m1) · · ·AUn(ml−ml−1)AΩ,Ω
〉
=
〈
AE1AE1 · · ·AE1AΩ,Ω
〉
≡ ω(A)l+1 > 0 .

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